The current paper proposes a conditional volatility model with time varying coefficients based on a multinomial switching mechanism. By giving more weight to either the persistence or shock term in a GARCH model, conditional on their relative ability to forecast a benchmark volatility measure, the switching reinforces the persistent nature of the GARCH model. Estimation of this volatility targeting or VT-GARCH model for Dow 30 stocks indicates that the switching model is able to outperform a number of relevant GARCH setups, both in-and out-of-sample, also without any informational advantages.
Introduction
The GARCH methodology, by Engle (1982) and Bollerslev (1986) , has been pivotal in modelling volatility ever since its introduction. It has proven its value in a number of fields, such as Value-at-Risk determination, option pricing, and, perhaps most importantly, forecasting volatility. However, one of the points of critique to the original model is its impossibility to take structural changes into account (see Lamoureux and Lastrapes, 1990) . The high persistence in the volatility process (i.e., the sum of the α and β coefficients in the original model, which is often found to be close to, but smaller than, one), may be caused by the misspecification induced by this lack of flexibility. In reaction to this critique, several authors have proposed to introduce time variation in the GARCH coefficients. This time variation is often modelled in terms of smooth transition models (Luukkonen et al., 1988) or regime switching models (see Schwert, 1989; Hamilton and Susmel, 1994; Cai, 1994; Gray, 1996) . Such models typically perform better than the standard GARCH models, both insample (see e.g. Gray, 1996 for an application to short-term interest rates) and out-ofsample (see e.g. Klaassen, 2002 , for an application to exchange rates). However, regime switching GARCH models often require a considerable number of extra parameters and are often difficult to trace computationally. In addition, the method is purely descriptive in the sense that the regime switching probabilities do not have any intuitive foundation. In this paper we propose a parsimonious model that still allows for time variation in the coefficients of the persistence and shock terms. By imposing a certain structure to the time variation, the results become intuitively interpretable.
In this paper we introduce time variation in the coefficients of a standard GARCH(1, 1) model using a multinominal switching mechanism, as often used in the heterogeneous agents literature (see Hommes, 1997, 1998) , which is basically a generalization of the smooth transition autoregressive models (see Van Dijk et al. (2002) for an overview). This switching mechanism assigns weights on a one-on-one basis (i.e., the sum of the two weights is equal to one) between the autoregressive part and the shock term in the GARCH specification. The distribution of weights on the two parts of the GARCH model is dependent on their respective ability to predict a given benchmark volatility in a certain period. For this reason we term our specification the volatility targeting-GARCH, or VT-GARCH. Depending on the forecast performance of either the persistence term or the shock term, more weight is assigned to either persistence or shock term.
By doing so, we introduce a considerable amount of flexibility to the standard GARCH specification by introducing only one additional parameter. The one-on-one characteristic of the weights is particularly attractive because it, besides from being simplifying, embeds the typical characteristics of market volatility. It is well known that volatility is highly persistent, and thus that the driver of volatility is persistent. As such, if the auto-regressive (or shock) term of the GARCH specification does particularly well in describing the benchmark in a certain period, it is expected to do so as well in the next period and therefore the weight attached to it is increased. Our proposed setup introduces more volatility in volatility, which has proven to be of great importance in, e.g., the option pricing literature; see Christoffersen and Jacobs (2004) . We apply our model empirically to the 30 stocks in the Dow Jones Industrial Average for the period January 1996 to April 2007, where we use the realized variance (RV) as proposed by Andersen et al. (2003) as the benchmark volatility. Using our model we find significant switching between persistence and shock term, and our model compares favourably to a standard GARCH model and can better capture the kurtosis and skewness observed in stock returns. Out-of-sample we find that our model outperforms various alternative specifications, including a regime-switching GARCH and a GARCH with RV as an exogenous factor. In addition we find that most of the improvement over the GARCH with RV is obtained for volatile stocks.
The remainder of this paper is structured as follows. In Section 2, we describe our model. Section 3 introduces the data and Section 4 presents our results. Finally, Section 5 concludes.
The Econometric Model
The motivation for the development of our model stems from the fact that standard GARCH models cannot deal with structural breaks or time variation in the GARCHcoefficients (Lamoureux and Lastrapes, 1990) . To deal with time-variation in these parameters several authors have proposed regime switching models (e.g. Cai, 1994; Hamilton and Susmel, 1994; Gray, 1996; and Klaassen, 2002) . However, while these regime switching models generally perform better than standard GARCH models, the introduction of this time variation seems to be driven by empirical observation, rather than by economic rationale. In addition, regime switching GARCH models introduce a substantial number of extra parameters making estimation tedious.
The purpose of this section is to introduce a GARCH-model that allows for time variation in parameters, but does so in a parsimonious way. The specification of this GARCH-model is based on the heterogeneous agents literature where agents (traders) maximize a certain objective function and switch between different trading rules to achieve this. We apply this rationale to describe the volatility process in the following way. Each day risk managers try to make accurate forecasts of future volatility. To measure their forecasting performance they use a certain benchmark and evaluate their forecasting skills using their forecast error. Given their past forecasting performance they may change the weights they give to certain forecasting rules. It is this changing in the weights that we use to describe the volatility process.
Specifically we consider the following GARCH-type model
where r t is the daily (log-) return of a stock price and h t describes the conditional variance of the return process. In this model β is the persistence parameter and α measures the impact of news shocks. Risk managers, when making forecasts of volatility, are assumed to use such GARCH model, but can change the weights, w t , they attach to either the persistence parameter or the shock parameter. This w t introduces time variation into the model, and it is easily seen that when w t is constant, Equation (1) reduces to a standard GARCH model.
The weights in Equation (1) given to the persistence parameter and the shock terms depend on the relative forecasting performance of the persistence in volatility and the shock terms. We therefore define w t in the following way, as in Brock and Hommes (1998) The weight, w t , is bounded between zero and one and is a function of the performance of a forecasting rule that only considers shock terms, and a forecasting rule that is a function of the persistence term. To measure the relative performance of the forecasting rules, we need to introduce a benchmark. In this case we use the Realized Variance (RV) (see e.g. Andersen et al., 2002) as a benchmark to evaluate the forecasting performance. Furthermore, we consider absolute deviation from this benchmark as the main evaluation criterion 1 . The term, π 1t , considers the performance of the forecasting rule based on shock terms in forecasting RV, whereas the term π 2t considers the performance forecasting rule based on the persistence term in forecasting RV.
The γ-parameter, known in the heterogeneous agents literature as the intensity of choice parameter, measures the sensitivity of the switching process. The higher the (absolute) value of γ, the more weights will change in response to a difference between π 1t and π 2t . If γ = 0, w t will be equal to ½ and constant through time and Equation (1) reduces to a standard GARCH(1, 1). The other extreme, when ±∞ → γ , implies that weights are infinitely sensitive to the performance of the two forecasting rules and w t will jump between zero and one. Generally, we expect γ < 0, which implies a positive feedback rule from the forecasting performance to the weights attached to each forecasting rule, i.e. if the volatility of the market is better forecasted using the rule based on the shock terms, then that rule receives more weight in the subsequent period and vice versa. As such, volatility clusters or stable periods can be reinforced not only by the persistence in the GARCH process, but also by the increase or decrease in weight on the different elements of the model. Therefore, both upper and lower extremes in market volatility can be described more accurately compared to a normal GARCH; the volatility of volatility increases.
The model proposed above is a specific version of a regime-switching GARCH model.
Although it is not possible to rewrite Equations (1) and (2) into a specific and restricted version of a regime-switching GARCH (e.g. as a Generalized Regime Switching (GRS) model as proposed by Gray, 1996) , we can show the analogy with a GRS-GARCH. The GRS-GARCH where switching only occurs in the second moment and where the regimes follow a first-order Markov process is defined as follows,
Data and Methodology
The model outlined above is estimated and evaluated using daily data from the 30 We step aside from the standard daily log-changes in returns because of the calculation of RV. The RV measure, which is based on intraday prices, only takes into account the volatility during trading hours and not the overnight period. Therefore, to match the return data with the RV data, one can either rescale the RV, 2 or focus on behaviour during trading hours only. The latter is chosen, as it does not make any assumptions on the relation between volatility during trading hours and non-trading hours. Table 1 provides descriptive statistics for return series of the stocks in the sample.
INSERT TABLE 1 HERE
The realized variances are computed following Andersen et al. (2002) . To compute realized variances we need high-frequency intraday data. We obtain intraday data for the various stocks from the Taqtic database by Sirca. 3 This database contains intraday data, which is provided by Reuters, for many stock markets around the world.
Intraday data contain time of the trade recorded at one thousandth of a second, and the traded price (and many other details, which we do not exploit in this paper).
Following Andersen et al. (2002) we compute the realized variance as the sum of squared intraday returns, where we aggregate returns to five-minute intervals, i.e.
where r t,j is the intraday return on day t for interval j. When forming the RV, there is a trade-off between accuracy (the intra-day squared returns are equal to the actual volatility when the frequency goes to infinity, see Andersen et al., 2002) , and microstructure noise at high frequencies (bid-ask bounce and other microstructure effects). We have chosen to use 5-minute returns, in line with Andersen et al. (2002) as a reasonable trade-off between microstructure noise and accuracy. We report average annualized realized volatilities, i.e.
, in the last column of Table 1 .
The model outlined in Section 2 is estimated using quasi-maximum likelihood. As a result of the non-linear structure of the switching mechanism, estimation results of this type of setup have proven to be (highly) sensitive to starting values of the coefficients, as the optimization procedure tends to get stuck in a local minimum (see Gilli, 2001, 2004) . To circumvent this problem, the model was first estimated with constant weights (i.e., w i,t =1/2) to obtain starting values for the setup with switching mechanism. The starting values for γ were obtained by an extensive grid-search over the parameter space, using the likelihood as criterion. In the end, results appeared to be relatively insensitive to changes in starting values.
The performance of the VT-GARCH is contrasted to that of the normal GARCH and the regime switching setup as outlined in Section 2, i.e. the GRS-GRACH. In order to control for the information advantage the VT-GARCH might have relative to the normal GARCH because of the use of an exogenous variable, i.e. the benchmark volatility RV, the model is also compared to a setup in which RV is directly added in the variance equation. The resulting variance equation of the GARCH-RV model reads ( ) ) while the VT-GARCH-RV model is given by
Results
The results section is split up into three parts. First of all the (in-sample) estimation results are presented, including a comparison of our model with a number of alternative setups. Second, in order to gain some more insights into the working of the model, a close-up of one of the stocks is presented. The third sub-section looks into the out-of-sample results. (1) and (2) estimated for the thirty DJIA stocks.
In-sample Estimation Results

INSERT TABLE 2 HERE
The estimated coefficients ω, α, and β are basically comparable to the standard GARCH coefficients as known from the literature (note that α and β should be divided by two to make them directly comparable to standard coefficients, because w i,t is, approximately, centred around one half). The intercept, ω, is usually not significantly different from zero; the α-coefficient is in the proximity of 0.10 and the β-coefficient is close to two and highly significant.
Concerning the switching function, we find that the sensitivity parameter γ is negative for all stocks. This implies that there is indeed a positive feedback rule, i.e., the element of the GARCH equation that is closest to the benchmark volatility in period t, will receive more weight in period t+1. Furthermore, γ is highly significant for all stocks, which serves as a first indication of the fact that adding this flexibility to the GARCH is beneficial to the in-sample fit.
INSERT TABLE 3 HERE
The likelihoods of a number of relevant alternative GARCH setups are given in Table   3 . First of all, the VT-GARCH outperforms the standard GARCH(1,1) in terms of the average, minimum and maximum log-likelihood. This result holds for all thirty stocks.
The average log-likelihood of the GRS-GARCH is slightly higher than the VT-GARCH, but both the minimum and maximum values favour the VT-GARCH setup.
In other words, although the mean is somewhat better, the spread around this mean is much wider for the regime switching setup. Note, also, that the GRS-GARCH uses six additional coefficients. The GARCH-RV shows a better in-sample fit than the VT-GARCH in terms of the log-likelihood. However, after introducing time varying weights to this setup, as in Equation (1''), the VT-GARCH-RV is again outperforming. Generally, we can conclude that the VT-GARCH is consistently outperforming the alternative setups in specifications that are directly comparable to each other. Table 4 corroborates Table 3 by providing descriptive statistics for the normalized returns, i.e. t ε . For all statistics given in the table, the VT-GARCH brings the statistics closer to normality compared to the GARCH (1,1) 4 . The same holds for the autocorrelation pattern in the squared normalized returns, as presented in Panel B;
INSERT TABLE 4 HERE
probabilities for the VT-GARCH are consistently and considerably higher.
A Specific Example: IBM
INSERT FIGURE 1 HERE Figure 1 illustrates the behaviour of our model for the case of one typical stock, namely IBM. Plot A displays the effect that introducing the switching process has on the volatility process by illustrating the volatility process induced by the VT-GARCH (lower line) and the difference with the GARCH(1,1) (upper line). Clearly, the introduction of time varying gives much more flexibility to the volatility process.
Comparing the orders of magnitude, it comes forward that the maxima (minima) are up to 50% higher (lower) for the VT-GARCH relative to the GARCH(1,1). This comes forward especially between periods 1000 and 1500, where the volatility from the VT-GARCH much higher than of the GARCH(1,1). Differences between the two volatility processes are especially pronounced during periods of large changes in volatility.
Plot B displays the weights w t and the volatility h t . Changes in weight coincide with changes in volatility. This can be explained by the fact that as volatility itself is volatile; the element that describes the benchmark volatility best is also more likely to change through time. In the final part of the sample, where volatility itself is hardly changing, weights also stabilize around one half.
Plot C illustrates in more detail where the differences between the VT-GARCH and the GARCH(1,1) exactly take place. The scatter of the two conditional volatilities clearly diverges as the volatility increases. That is, the differences between the two models especially occur when volatility is high, which coincides with periods in which volatility in volatility is high.
Plot D, finally, confirms the results from the tail estimates in Table 4 . The QQ-plots indicate that the VT-GARCH normalizes the extreme values in the returns of stocks to a considerably larger extent relative to the GARCH(1,1) model.
Out-of-Sample Results
Next to the in-sample performance of our proposed model, the out-of-sample properties are considered. This is done by applying the following methodology. First, the models are estimated for the first 1400 days, i.e., half of the sample, and subsequently one-period forecasts are made for the remaining 1420 days. The stocks 
INSERT TABLE 5 HERE
For generally all forecasting performance measures, the ranking is the same. The VT-GARCH comes out first, followed by the GARCH-RV, the GRS-GARCH, and the GARCH(1,1). The one exception to this pattern is given in Panel F, the HMSE. Here, the VT-GARCH performs worst. Note, however, that a large part of this result is driven by an outlier; the maximum value of the VT-GARCH is more than twice as large as the second worst model, the GARCH-RV. Table 6 , finally, provides evidence of the fact that the VT-GARCH model is especially useful in high volatile regimes. In times of high volatility, and high volatility of volatility, one would expect that the changing weights provide their biggest advantage as it is especially in risky situations where the extra flexibility is granted. The reinforcement of the persistence in variance by means of changing weights is particularly beneficial as there is ample change in the behaviour of volatility. Table 6 presents the cross-sectional correlations between the differences in forecasting performance of the VT-GARCH model versus the second best, the GARCH-RV model. As it turns out, one can observe a clear pattern in the correlations.
INSERT TABLE 6 HERE
For the forecast error measures, apart from the ME, there is a strong negative correlation. That is, the higher the (unconditional) volatility in the stock, the better the forecasting performance of the VT-GARCH vis-à-vis the GARCH-RV. The correlation is positive for the R 2 , as the fit is a positive measure of forecasting ability while the forecasting error is a negative measure. The exception to this rule is the mean error ME. This can be explained by the fact that typical patterns tend to be eliminated as positive and negative values are levelled out.
Conclusion
The Nobel-price winning GARCH methodology has seen a large number of extensions. Of particular interest is the introduction of time varying coefficients, which serves as a methodology of curving the (excessive) persistence of volatility in financial market returns. Typically, this time variation is introduced by means of purely statistical processes, such as a regime switching approach. Alternatively, GARCH models are introduced that mix a fast with a slow moving process.
In this paper, we introduce a parsimonious methodology of time variation in the coefficients to introduce more flexibility and dynamics into the conditional volatility model. We, basically, propose a methodology that enforces the typical characteristics of a standard GARCH. To be more specific, we introduce time varying weights on the persistence and shock coefficients. The weights move according to a multinomial logit process that gives more importance to the factor, i.e. persistence or shock, which better predicted benchmark volatility in the previous period. As such, we refer to the volatility targeting or VT-GARCH model.
Estimation of the model on the thirty individual stocks in the Dow Jones Industrial
Average, it is shown that the VT-GARCH model outperforms alternative setups.
Using only one additional parameter, the model proves to be better in both in-sample normalized returns that are considerably closer to be being Gaussian relative to normalized returns from alternative models. Out-of-sample, using a broad range of forecasting performance measures, the VT-GARCH comfortably outperforms a number of alternative models, including a regime switching GARCH and controlling for potential information advantages. Furthermore, the model proves to be particularly useful in times of high volatility, or high volatility in volatility. 
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